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x 2 - y 2 H y~ x "I 2T~ y = ° 

with the diameter BG prolonged as the axis of X and A Y as the axis of Y. Then 
will the ordinate of intersection at D minus R V7/3 be the side of a regular hep- 
tagon inscribed in a circle whose radius is R; that is, 

2 = ~- [2 sin |(t + sin" 1 \\) - 1] 
is the side of the regular heptagon required. 



III. On the Summation of Certain Series. 

By O. Schmiedel, Parsons College. 

The summation of a finite number of terms of series such as 

1 + 3a; + 6a; 2 + 10a; 3 + •••, 

1 + cos + cos 20 + cos 30 + • • •, 

1 + x cos + x 2 cos 20 + x 3 cos 30 + • • •, 

1 + 3a- cos + 6a; 2 cos 20 + 10a? cos 30 + 

and the evaluation of the complete series is a problem of frequent occurrence, and 
is easily solved by the use of De Moivre's Theorem; 1 but greater insight to the 
student into their nature and mutual relation is had by direct application of the 
more common processes of analysis. 

It is proposed to produce a formula sufficiently comprehensive to embrace 
all series of the types suggested, including as particular cases the binomial formula 
for negative integral exponents and the theorem that the difference of the same 
powers is divisible by the difference of the first. 

Let the second of the series above be deduced first, for illustration. 

Assuming the identity 

2 sin 0/2 cos td = sin (t + 1/2)0 - sin (t - 1/2)0, 

assigning to t values from to n, and adding the results, gives directly the expres- 
sion for the sum of the series of cosines, namely : 

v? „ , ,„ , w„sin(ra+ 1/2)0 1 . n + 1 n n 

(1) g cos te = 1/2 + 1/2 ^ m ' = ^ sin —* cos 2 e ' 

In like manner is found the sum of sines : 

(2) Z sin td = ^ sin -^ sin $6; 
1 Chrystal, Algebra, Vol. II, 2 ed., p. 273. 
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and the quotient of (2) by (1) gives the interesting relation 

X sin td 

(3) S = tan 1 0,i 

23 cos td 

an extension of the familiar formula tan 0/2 = sin 0/(1 + cos 6). 
Formula (1) may also be written thus: 

(4) g cob 0-1/2 + 2(1 _ CQ % , 

(5) 

Analogously the summation of the other series is effected, as: 



'v^ 1 ./> , /^ ■ cos n0 — cos (n — 1)6 

Z COS <0 = 1/2 ^ ;-. ^-rr '- . 

i=±£n 2(1 - cos 0) 



'^ , „ 1 - a; cos - z n+1 cos (n + 1)6 + x n+2 cos n6 

(6) g *< cos te = i-2*co8fl + *» ' 

'^ , „ 1 — x cos — ar n+1 cos (n — 1)8 + x~ n+2 cos n0 

(7) -X XCOS " = 1-tocoW* ' 

one or the other of which is convergent for a given x =)= ± 1, as n becomes infinite. 
Using the following definition and identities: 

_ 0(0 - 1) • • • (a + 1 - b) 
Ca ' b ~ 1. 2. • • • b 

t=n 

Co, 6 + Co, fr+1 = C <H-1, 6+l> Co, 6 = 2-i (~ 1)'<V lCa+n-t, b-t', 

t=0 

2 cos u cos s = cos («+«) + cos (w — »), 

t\ —1m t=:tl 

cos r0(l - 2x cos + a*)» = £ E«», «r-A». *(~ *)" cos (r + 2t - h)6; 

ti=0 t=0 

the sums to n terms are found successively by the same process for all the series 
under this head, as: 

(1 - 2x cos 6 + x 2 ) 2 X) Ci-k x* cos t6=J^(- l)'c 2 , t x l cos 16 

/QN t=0 t=0 

+ EZE(- l)** - '*,, irtC*. 2+*i-<c«+ ( . ix n+1+ti cos (n+ 1 + 2h - t 2 )6, 

tt=0 ti=0 t=0 

(1 — 2x cos 6 + x 2 ) 3 2 °2+t, 2^' cos 20 = 23 (— l)'c3, <a:' cos td 
(9) _ ' =0 ' =0 

-££t(- 1) <S+ 'C3, ^3, W.-A.-H, 2X»+ 1+t > cos (n+ 1 + 2d - d)0, 

< 2 =0 *i=0 (=0 

» 76td., p. 327 ff. 
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etc., and finally the general formula sought: 

t=n t=m 

(1 — 2x COS d + X 2 ) m E Cm-i+i, mr-lX* COS tO = E (— l)'c m , t X ( COS £0 
(=0 «=0 

ti =2m —l ti =m— 1 < =m— 1 

( 10 ) +(-l) m E E Z (~l) ,, * , «W.«rt«W I t«r-*e*w.»-i 

<2=0 «i=0 *=0 

X z" +1+ < 2 cos (n + 1 + 2fc - fc)0, 

£ =— 1 £=m 

— (1 — 2x COS + X*) m ^ Cmr-i+t, mr-1% 1 COS td = ^ (— l)'c m , *#' COS £0 

V ' +(-l) m E E E (-l)*-'ew l(r ^ 1 «W. wHr -ia-»ff.— i 

<2=0 «i=0 (=0 

X ar n+1+ " cos (- n + 1 + 2t x - t 2 )6, 

where n and m are positive. 

Of the two expressions in the second member of (10), which constitute the sum 
of the series in the first, one is free from n, hence constant as to n; the other 
contains n, and hence changes with it. If for increasing n the second becomes 
less and less, with zero as limit, the series is convergent. 

A rigorous proof of (10) by the (n + l)-rule, though somewhat lengthy, is 
not difficult to give. 

With made zero, (10) properly reduced, assumes the special form: 

t~n t =m— l 

(12) (1 - x) m Ecw-h-lm-i*' = 1 - E c n+t , ,(1 - xYx n+1 , 

(=0 (=0 

which can be viewed in three different aspects. 
Written in the form: 

t—n -I -I t =m— 1 

2-t Cmr-l+t, ntr-lX = ^-j _ x \ m ~ Q _ x \m 2—1 Cn+t, *(1 ~ X) X n , 

it represents in its second member, in a definite number of terms, the sum of the 
series in the first member, consisting of any number of terms. The first expres- 
sion of the second member being invariant as to n, becomes the sum of the series 
when the second, dependent upon n, vanishes by special values of n or x. Thus, 
for m = 2, this second expression becomes zero when x = {n-\- 2)/(n + 1) ; 
and this, substituted in (12), gives the identity: 



(13) 



«+»("4 i )+«("4 1 ) , + -+-("4 i r-'- 



If the second expression in the previous formula becomes indefinitely small as n 
indefinitely increases, we have the summation of the infinite convergent series. 
Written in the form : 

1 t==n 1 t =m— l 

= E Cm-l+f, r^-\X l + 7j "T^ E Cn+l, ((1 — xYx n+1 , 



(i-xT ( ti ro ~ i+t,m_1 ' {i-xT sf 
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it represents the development of the binomial with negative exponents, i.e., 
(1 — a:) - "*, into a finite series with a remainder term. The development is there- 
fore good whether the series is finite, convergent or divergent. 
If considered in the order: 

t-r-m— 1 

l- Z c n+t , ,(i - xyx n+ > t=n 

(I — x) m ~ _ Cm ~ 1+t ' m - 1 " c » 

it presents an extension of the theorem, that the difference of the same powers is 
divisible by the difference of the first powers. 

Let, for illustration, n = 3, m = 1, 2, 3, • • •, and we shall have successively; 

1 — x i 

= 1 + x + a? + x 3 , 



1 - x 

1 - x i - 4(1 - x)x* 
(1-x) 2 

1 - x* - 4(1 - x)x* - 10(1 - x) 2 x* 



= 1 + 2a; + 3a; 2 + 4a*, 
= 1 + 3a; + 6a; 2 + 10a; 3 , 



(1 - xf 
etc.; where the ubiquitous binomial coefficients are recognized in their usual role. 

IV. An Erroneous Rule for Finding a Hypotenuse, with a Corollary. 

By M. W. Jacobs, Jb., Harrisburg, Pa. 

To find the hypotenuse of a right-angled triangle, take half the length of the 
longer leg and add the length of the shorter leg. This was the rule nearly all 
the boys of an arithmetic class were found to be using. Much to the instructor's 
surprise, the correct answer was thus obtained to almost all of the examples. 
An inspection of the problems correctly solved in this manner showed that the 
ratio of the longer to the shorter leg was 4 : 3. 

That this is the only ratio for which the boys' rule holds true may be demon- 
strated as follows: Let a = longer leg; b = shorter leg; h = hypotenuse. By 
the boys' rule 

, 1 , , a + 26 

Then 

„ a 2 +4a& + 4fc 2 

h= 4 • 

But h? = a 2 + b 2 . Hence 

„ a 2 + 4ab + 4fr 2 
a 2 + b 2 = 1 . 

Then 4a 2 + 4b 2 = a 2 + Aab + 4b 2 ; whence 3a 2 = 4ab; therefore a/b = 4/3. The 



